Abstract-Most studies on bilateral teleoperation assume known system kinematics and only consider dynamical uncertainties. However, many practical applications involve tasks with both kinematics and dynamics uncertainties. In this paper, trilateral teleoperation systems with dual-master-single-slave framework are investigated, where a single robotic manipulator constrained by an unknown geometrical environment is controlled by dual masters. The network delay in the teleoperation system is modeled as Markov chain-based stochastic delay, then asymmetric stochastic time-varying delays, kinematics and dynamics uncertainties are all considered in the force-motion control design. First, a unified dynamical model is introduced by incorporating unknown environmental constraints. Then, by exact identification of constraint Jacobian matrix, adaptive neural network approximation method is employed, and the motion/force synchronization with time delays are achieved without persistency of excitation condition. The neural networks and parameter adaptive mechanism are combined to deal with the system uncertainties and unknown kinematics. It is shown that the system is D. Wang is with the Key Laboratory of Autonomous System and Network Control, Ministry of Education, South China University of Technology, Guangzhou, China, and also with the College of Automation Science and Engineering, South China University of Technology, Guangzhou, 
stable with the strict linear matrix inequality-based controllers. Finally, the extensive simulation experiment studies are provided to demonstrate the performance of the proposed approach.
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I. INTRODUCTION
N ETWORKED teleoperation enables the operators to manipulate a distance object and feel the force feedback, while keeps the operators away from the dangerous environments. The bilateral teleoperation involves dual robots, which can exchange haptic and command signals through networked communication channels [1] , [2] , [4] , [31] . The traditional bilateral teleoperation is composed of a single operator and a controlled slave robot. In [5] , nonlinear bilateral teleoperation was investigated under constant delay in networked channel, and position coordination was considered in both free motion and contact situations. In [6] , the nonlinear master slave system was investigated under asymmetric time-varying delays in the networked communication channels. However, there exists more than a single operator in many applications, where human intelligence and experience adapting new circumstances can be exploited in the teleoperation system. The effective or practical teleoperation examples with multiple masters and single slave can be founded in [7] - [10] . This paper restricts our attention to multiple master/single slave teleoperation configuration, where the motion of slave robot is manipulated by a first master, meanwhile the interaction force with the geometrically unknown environment is manipulated by a secondary master, as shown in Fig. 1 , while the slave estimates the uncertain constraint. In such configuration, a decoupled frame for teleoperation is formulated where one slave robot can be manipulated by dual master robots. The configuration is effective and applicable for cooperative teleoperation tasks among multiple users.
Time delay cannot be negligible in the networked teleoperation architecture either in master and slave exchanging information. Since significant communication distance between the master and the slave exists, transmission delay of position and force information, for example, joint angle encoder and force sensor readings, arise. It should be noted that due to limited communication capacities and distance, the network delay, data packet loss and signal quantization cannot be ignored.
Different from the previous works assuming constant or fixed known time delay [11] , [12] , the network delay is random and unbounded, and it is modeled as Markov chain-based stochastic delay. Moreover, due to the complexity of the networked channel, the forward and backward delays of data packets are asymmetrical, because the data packets in the network may go through different route. Therefore, the asymmetry stochastic time delays in network-based teleoperation systems should be considered.
On the other hand, various effective approaches have been proposed for the networked control system and neural network-based control, for example, the allowable maximum delay [13] , the stochastic system approach [14] , adaptivecritic-based neural network approach [35] , and composite adaptive tracking control [36] . Specifically, an adaptive neural tracking control was first studied in [44] for a class of multiple-input multiple-output uncertain nonlinear systems with the discretized dead-zone inputs and it is to design a novel intelligent control scheme to avoid the effect of the discretized dead-zone inputs. The networked control systems focusing on modeling, analysis, and synthesis have been investigated in [15] , [17] , [18] , [30] , [42] , and [43] under constant, random, or time-varying delays. The strict-feedback and purefeedback nonlinear systems have been investigated using neural network-based control as well. However, most networked control system approaches investigating the linear system and ignoring nonlinear dynamics uncertainties make it difficult on applying directly to networked teleoperation systems. Meanwhile, the above neural network controls for nonlinear systems did not also consider the state time delay. Although in [16] , the nonlinear systems composed of continuous linear systems and nonlinear partition had been investigated, and the nonlinear partition satisfies a certain condition, however, it cannot be satisfied by the dynamics property of teleoperation system.
The trilateral teleoperation systems usually consist of more than a pair of robots, and the slave robot might contact with external unknown environments and is characterized by unmodeled dynamics and kinematics. It is generally difficult to model accurately. Moreover, environmental uncertainty arises in many teleoperation applications such as hazardous materials grasping [2] , telesurgery [3] , and manipulator control [38] - [41] , where the end effector of the robot contacts with the environmental surface. However, the precise information of surface geometry cannot be obtained, because the geometry of the surface is changing with position and orientation. The geometrical uncertainties of the environment always lead to uncertain constraints on the robot, and translate kinematic uncertainties into uncertainties of Jacobian matrix in the joint space or Jacobian matrix in the operational space, which can degrade system stability and control performance. For example, suppose that the end effector is interacting with unknown geometrical rigid environment, the unknown geometry can produce kinematic uncertainty, which reflects uncertainties of Jacobian matrix. In the literature so far, there are no report on trilateral teleoperation with environmental geometry uncertainty.
In this paper, we investigate the control design for networked teleoperation systems including dual masters and single slave, in which the end effector of the slave robot interacts with a geometrically unknown surface, and the force-motion of dual masters and one slave need to be synchronized. The stochastic delay governed by Markov chain is utilized to model the network delay, then asymmetric stochastic time-varying delays, kinematics and unmodeled dynamics are considered in the motion/force control design. First, a unified dynamical model is introduced by incorporating unknown environmental constraints. Then, by exact identification of constraint Jacobian matrix, adaptive neural network approximation method [28] , [29] is employed, and the motion/force synchronization with time delays are achieved without persistency of excitation condition. The neural networks and parameter adaptive mechanism are combined to deal with the system uncertainties and unknown kinematics. It is shown that the trilateral teleoperation system is bounded stability with the strict linear matrix inequality (LMI)-based adaptive neural network controllers. Finally, the extensive simulation experimental studies are preformed to illustrate the control performance of the proposed approach.
II. DYNAMICS DESCRIPTION
The dynamics of dual master manipulators and single salve manipulator can be presented as
where the joint position vectors of the dual masters are denoted by q m 1 ∈ R m 1 , q m 2 ∈ R m 2 ; the joint displacement vector of the slave is denoted by q s ∈ R n ; the vectors of joint velocity are denoted byq m 1 ∈ R m 1 ,q m 2 ∈ R m 2 ,q s ∈ R n ; the vectors of input torque are denoted by τ m 1 ∈ R m 1 , τ m 2 ∈ R m 2 , τ s ∈ R n ; the symmetric positive definite inertia matrices are denoted by ∈ R m 2 ,J T s ∈ R n are Jacobian matrices.
A. Kinematics Uncertainty
Suppose a certain constrained surface (q s ) interacted by rigid-link slave manipulator can be described as
where a given scalar function is denoted by (χ(q s )), the end-effector's position vector contacting with the environment is denoted by χ(q s ) ∈ R l . Suppose that the rigid surface is with a continuous gradient, then the contact force can be written by
, where the magnitude of the contact force is denoted by λ s . Consider the coordinate χ in the task space, the uncertain surface constraint is denoted by¯ (χ (q s )), which consists of a nominal (χ(q s )) and an unknown error (χ (q s )) as follows:
LetJ s and J s be the Jacobian matrices of¯ (χ (q s )) and (χ(q s )) with respect to q s , respectively, we havē
whereJ χ = ∂¯ (χ (q s ))/∂χ , and J a = ∂χ/∂q s . It is easy to have
Assume thatJ
where J s (q) will be defined later. Considering the kinematics error (5), and combining (8) into (3) yield
Assumption 1: Suppose q s is uniformly bounded and continuous, it can be obtain that the Jacobian matrixJ s (q s ) is bounded and continuous.
Assumption 2: A class of the constrained surfaces can be described by S := {χ :¯ (χ , α) = 0, α ∈ R l 1 }, which is bounded and belongs to continuously differentiable manifolds: 
Remark 1:
The constrained surfaces in Assumption 2 require that some coordinates can be represented by differentiable function of other coordinates. An example in the Cartesian space satisfying Assumption 2 is shown in Fig. 1 , where χ 3 can be described as a function of χ 1 and χ 2 . Some surfaces are possible to be described using other coordinates through rotating the coordinate system.
From (7), denoting δ h = ∂ (χ(q s ))/∂t, which is caused by the geometrical uncertainties, by Assumption 2, the uncertainty δ h could be expressed with
Property 1: S C = 0 and W T υ = 0. The estimated JacobianĴ s can be defined bŷ
whereρ =ρ − ρ. Consider (10), the force error can be expressed as
where 
Assumption 4: The slave manipulator is operating in singularity-free task space.
Remark 2: Considering Assumption 4, in (6) , if the Jacobian J a = ∂χ/∂q s is with full row rank k, then the joint
, ∂ /∂t, and ∂ 2 /∂t 2 are also bounded.
Considering the constraint dimension is k, we have the remaining n − k degrees of freedom (DOF) in the joint space for the slave manipulator. From the full row rank of J s and existence of (q s 1 ), we have
Integrating (6) into (7) and considering (12) 
where
Differentiating (13) and substituting it into (9) yield
B. Master Dynamics
Consider the motion synchronization between the master 1 and the slave and the force synchronization between the master 2 and slave, the virtual holonomic constraints m 1 (q m 1 ) ∈ R m 1 +k−n is proposed for the master robot 1, where m 1 > n−k, and another virtual holonomic constraints m 2 (q m 2 ) ∈ R k are proposed for the master robot 2, i.e., the master robot 1 and the master robot 2 are subjected to (m 1 +k −n) and k independent holonomic constraints, respectively.
Considering the constraint as j (q j ) = 0, j = m 1 , m 2 , based on the implicit function theorem [20] , we can find q m 1 as
∈ R k , then the generalized coordinates are described using the inde-
Due to the singularity-free assumption, it is easy to conclude that ∂ j /∂q 1 j and ∂ 2 j /∂q 2 j are bounded. The corresponding joint displacement and velocity can be described by the independent coordinates q 1
The derivative of the generalized velocity satisfiesq j = A jq
We can write the dynamics (1) and (2) using q 1 j ,q 1 j , andq 1 j as
Considering (16) of the master 1, and multiplying A T j on the both sides, j = m 1 , we have
Considering (16) of the master 2, j = m 2 , the force F m2 can be derived as
, one obtains
III. CONTROL OBJECTIVE
Considering the teleoperation system (15), (17) , and (18), we can describe the control objectives as follows.
1) Defining the unsymmetric time delays d s (t) and d m (t)
for the position information exchanging from the slave to the master 1, and the master 1 to the slave via network channels, respectively, the synchronization errors e m 1 (t) and e s (t) can be readily presented as
The master 1-slave motion synchronize should be achieved, i.e., lim t→∞ e m 1 = 0, lim t→∞ e s = 0, andq 1
, andq s 1 evolve to zero. 2) Utilizing the asymmetric time delays ζ s (t) and ζ m (t) for the force information exchanging from the master 2 to the slave, and the slave to the master 2 via network channels, respectively, the force reflection errors can be defined among the master and slave robots as
The following inequalities should be satisfied for the time delays as Through the above derivation, the networked-induced time delays can be incorporate in the state equation. Then, a Markov chain is builded to modeling the networked-induced delays in [21] - [23] , whose modes can be dependent on actual network load. Moreover, in the Markov chain, a corresponding delay for each mode is supposed to be time-varying with the known boundedness. Similarly, in this paper, the delays d j (t) and ζ j (t) ( j = m, s) in the network channels are assumed to be mode-dependent, time-varying, and described by a continuoustime discrete-state Markov process γ (t), which belongs to a finite set S = {1, 2, . . . , N}, and a transition probability matrix is given by
denotes the transition rate from mode i to j.
IV. NETWORKED TELEOPERATION CONTROL DESIGN

A. Motion Synchronization of Master 1 and Slave Robot
Some variables need to be defined for pure-motion synchronization of the master 1 robot and the slave robot, and force-error filters as
Combining r m 1 , r s ∈ R n−k and ν m , ν s ∈ R k to define the following new hybrid variables:
From (22), (25) , and (26) 
Considering the dynamic equation (15) together with (27) and (28), we have
We can rewrite the dynamic equation (17) as
Then, considering (29) and (30), we can rewrite (31) as
Define the following nonlinear feedback controls for the dual masters and the single slave as:
where the auxiliary control inputs U m and U s are defined as
Integrating (33) and (34) into (32), we have The precise values of the parameters in dynamical models (37) and (37) are impossible to be acquired beforehand. To eliminate the error prone dynamic modeling process, adaptive neural network controls are developed. The proposed adaptive neural network control possesses an adaptation mechanism allowing it to learn the mechanical system's dynamics without the knowledge of the systems dynamic structure and physical parameters [32] - [34] . In this paper, the radial basis function neural network is used to approximate the continuous function, i.e., f rbf (Z) : R q → R as
where Z ∈ ⊂ R q and W = [w 1 , w 2 , . . . , w ι ] T ∈ R ι are the input and weight vectors, respectively, with the neural networks (NNs) node number ι > 1; and
. . , χ iq ] T and β i are the center and the width of the Gaussian function, respectively. Any continuous function can be estimated within a compact set Z ⊂ R q via the neural network (39) to arbitrary accuracy as [24] , [25] 
where the desired weight vector and the approximation error are denoted by W * and ε, respectively. From the stability theory of neural network, it can be included that if the input variables Z of the NNs is over the compact set Z ⊂ R q made large enough, the sufficiently large number of NN nodes used in the designed controller(s) can assure that all the variables in the closed-loop keep bounded.
The dynamics items μ m and μ s in (37) and (37) can be described as
. . . (41) with the designed parameter α jκ => 0, j = m, s, satisfying lim t→∞ α jκ = 0, ∞ 0 α jκ (t)dt = α < ∞, and the finite constant α , and the designed parameter jκ > 0. Therefore, we can rewrite (33) and (34) as
where sgn(σ s ) = [sgnσ s1 , . . . , sgnσ s(n−l) ] T . The close loop can be presented as
We will conduct the stability analysis in the next section.
B. Force Synchronization of Master 2 and Slave Robot
Considering (18), it can be expressed as
If the joint q 1 m 2 of the second master is locked, thenq 1 m 2 = 0, and then the control can be designed as
with positive constants of proportional control feedback gains K f . We will discuss the force stability in the next section.
V. STABILITY ANALYSIS
Definition 1:
The system is said to be bounded in probability if the solution process of {x(t), t ≥ 0} of system satisfies lim c→∞ sup 0≤t≤∞ P{|x(t)| > c} = 0.
Lemma 3: The system is said to be bounded in probability if α 1 and α 2 are K ∞ functions, W(x) is radially unbounded function and d ≥ 0 is a constant, which satisfy 
Since we have built up a stochastic model to describing the unsymmetrical delays using Markov process, then we can obtain the system combining mode-dependent time-varying delays aṡ
We can rewrite (53) aṡ
.
Let ξ(t) [e T (t),ē T (t), r T (t),r T (t), r T (t − d i m (t))] T with r(t) = r(t − d i m (t), t − d i s (t)),ē(t) = e(t − d i m (t), t − d i s (t)), we know that
According to Assumption 5, it is well-known that |ḋ i (t)| <ν withν = max(ν m , ν s ). Moreover, the uncertainties satisfy 2 ,∀i ∈ S, with the known constant matrices with compatible dimensions D 1 , E 1 , D 2 , and E 2 , and the time-varying matrices F 1 (t) and F 2 (t) representing the parameter uncertainties and satisfying
Consider the reduced dynamic model of the trilateral system (9), (17) , and (18), under the proposed controls (42) , (43), (52), the system is bounded in probability with the positive-definite appropriate dimensions matrices Q m , Q s , L m , L s , S m , S s , Y, R i and appropriately dimensioned matrices Q 1 and Q 2 , ∀i ∈ S. Then the following inequality: 
holds, where 11 
Integrating the force control (52) into the dynamics (51), we obtain (I + K f )e λ m 2 = 0. Therefore, e λ m 2 = 0.
VI. SIMULATION STUDIES
The simulation is conducted using dual masters robotic manipulators with two-DOF and a single slave manipulator in Fig. 3 , whose dynamics are presented as M m 1 
. The dynamics of the slave robotic manipulator with three-DOF can be described as
In the simulation, the friction forces T in each joint is described as
T ≤ −ϒ m , with the angular velocityq, ϒ m = 0.12τ max , and the maximum motor toque τ max , τ max = 10 Nm, p 2 = 0.0088 Nm/rad/s, and p 1 = 0.0148 Nm/rad/s are chosen.
Suppose that the slave's motion is manipulated by the master 1, and the contact force of the slave with the environments is manipulated by the master 2. Suppose that there exists the external virtual holonomic constraint l 1 sin q 3 + 0.5l 1 = 0 for the slave robot. In the simulation, the dynamic parameters are chosen as m 1 = 0.6 kg, m 2 = 0.6 kg, m 3 = 1.0 kg, l l = l 2 = l 3 = 0.5 m, I 1 = I 2 = I 3 = 0.3 kgm 2 , g = 9.8 m/s 2 . In our simulation, suppose that there exists two modes in Markovian jump system, i.e., the modes 1 and 2, which are denoted by the nos. 1 and 2.
The end effector χ = [χ 2 , χ 3 ] of the slave robot is constrained, the geometry of the constraints can be described by
where the angle χ 1 denotes the orientation of the end effector and it is unconstrained. The constraint Jacobian matrix is described by Through LMIs, the feedback gain parameters of (35) and (36) 
The initial states for X 2 are assumed to be r(t) = [0.8 sin t, 0.7 cos t, 0.8 sin 2 t+2, 0.7 cos 2 t+2] T . The initial states of X 1 are X 1 (t) = [0.8 sin t, 0.9 cos t, 0.8 sin 2 t + 2, 0.8 cos 2 t + 2] T . Consider the form of A 12i , A 14i in (54), we can define the parameters D 1 , D 2 , E 1 , E 2 as follows:
From the system parameters chosen above, through LMI toolbox in the MATLAB, we can obtain (55) as (19) and (20) converge to the zero quickly, i.e., the stable motion synchronization of the master 1 and slave robots is achieved, and although the initial positions of the master and slave robots are different and both are not zero, the joint trajectories of slave robot quickly follow the joint trajectories of the master robot. Finally, in Fig. 8 illustrates the human force of the master 2 follows the environmental force F e on the slave robot constrained by the environment surface. Fig. 8 illustrates the force synchronization converges to zero, i.e., F h reflects the environmental force F e . Fig. 9 illustrates the estimated unknown parameterŴ for the constrained surface. Fig. 10 shows the Markov jumping modes.
From the above figures, we can conclude that the control performance is good without any prior model knowledge of the teleoperation system. Due to the tolerance of modeling errors, neural network-based control approaches can be viewed as a robust approach, which can be regarded as a key advantage over dynamic modeling control. The accurate modeling of teleoperation is difficult, time-consuming, and costly. The identification of dynamic parameters is necessary for model-based controllers. However, the parametric errors always exists. Even the parameters are identified, the controlled conditions in the test facility are often different from actual conditions. The proposed control is able to be tolerant to this problem due to the unknown parameters learning technique utilized in the teleoperation. Moreover, since the neural network control does not need the boundedness of system dynamics, even modeling errors vary in a range, the dynamics uncertainties can be handled by neural network control, the robust performance can be guaranteed.
VII. CONCLUSION
This paper investigates trilateral teleoperation systems involving dual-master-single-slave framework, where a single robotic manipulator constrained by an unknown geometrical environment is controller by dual master. The network delay in the teleoperation system is treated as Markov chain-based stochastic delay, then the force-motion control design based on adaptive neural network approximation has been proposed to deal with asymmetric stochastic time-varying delays, kinematics and dynamics uncertainties.
It is shown that the system is stable with the strict LMIbased controllers. Finally, the extensive simulation studies are provided to verify the performance of the proposed approach.
APPENDIX
The chosen Lyapunov-Krasovskii functional is described as
λ and to be determined,
At time t, let γ t = i and P i denoting the corresponding mode-dependent matrices P(γ t ). Then, considering Property 3, we have
Considering the adaptive law (40) and (41), we have
Owing to the fact that
Therefore, we have
Similarly, considering V 2 , we have
From (10) and (11), we can obtain
Considering Property 1, we have
Considering (10), (58), and using the adaptive parameter law (47), we have
where ψ =Ĵ T s (K λ + I)e λs . From (59) and (60), we have
In addition, from (24) 
by noting L T s J T s = 0 from (14) .
From (40), (41), (45) 
